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Abstract. Let
(
[n]
k
)
and
(
[n]
l
)
(k > l) where [n] = {1, 2, 3, ..., n} denote
the family of all k-element subsets and l-element subsets of [n] respec-
tively. Define a bipartite graph Gk,l = (
(
[n]
k
)
,
(
[n]
l
)
, E) such that two ver-
tices S ǫ
(
[n]
k
)
and T ǫ
(
[n]
l
)
are adjacent if and only if T ⊂ S. In this paper,
we give an upper bound for the domination number of graph Gk,2 for
k > ⌈n
2
⌉ and exact value for k = n− 1.
Keywords: Dominating set · Domination number· n-cube.
1 Introduction
Let G = (V,E) be a simple graph, a set S ⊆ V is a dominating set if every
vertex not in S has a neighbour in S. The minimum size of a dominating set in
G is called as the domination number of G and is denoted by γ(G).
LetGk,l denote the bipartite graphG = (
(
[n]
k
)
,
(
[n]
l
)
, E) where [n] = {1, 2, 3, ..., n}
for n > k > l ≥ 1;
(
[n]
k
)
and
(
[n]
l
)
denote the family of all k -element subsets and
all l -element subsets of [n] respectively. Two vertices S ǫ
(
[n]
k
)
and T ǫ
(
[n]
l
)
are
adjacent iff T ⊂ S. As mentioned in [1], the family
(
[n]
k
)
is called the kth level of
the n-cube and Gk,l is called as the graph defined by the k
th level and the lth
level.
In [1], Badakhshian, Katona and Tuza proved that γ(Gk,1) = n − k + 1 for
k ≥ 2. They have also given upper and lower bounds for γ(Gk,2) and posed the
following conjecture.
Conjecture 1. γ(Gk,2) =
k+3
2(k−1)(k+1)n
2 + o(n2) for k ≥ 3.
2 Results
In this section, we give an upper bound for γ(Gk,2) for k > ⌈
n
2 ⌉ and exact value
of γ(Gk,2) for k = n− 1.
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Theorem 1. γ(Gk,2) ≤ ⌈
n
2 ⌉+ 6 for k > ⌈
n
2 ⌉.
Proof. Let S and T be the two k-element subsets of [n] such that S ∪ T = [n].
Let k be even, then define the set A as
A = {S, T, P1, P2, P3, P4},
where P1, P2, P3, P4 be the k-element subsets of [n], which are defined as follows:
P1 = S1 ∪ T1, P2 = S1 ∪ T2, P3 = S2 ∪ T1, P4 = S2 ∪ T2,
where S1, S2 are subsets of S such that |S1| = |S2| =
k
2 and S1 ∪ S2 = S, and
T1, T2 are subsets of T such that |T1| = |T2| =
k
2 and T1 ∪ T2 = T .
Let k be odd. Since k > ⌈n2 ⌉, there exist an element l(say) which belongs to
S ∩ T . Define the set A as
A = {S, T, P1, P2, P3, P4},
where P1, P2, P3, P4 be the k-element subsets of [n], which are defined as follows:
P1 = S1 ∪ T1, P2 = S1 ∪ T2, P3 = S2 ∪ T1, P4 = S2 ∪ T2,
where S1, S2 are subsets of S such that |S1| = |S2| =
k−1
2 and S1 ∪S2 = S \ {l},
and T1, T2 are subsets of T such that |T1| = |T2| =
k+1
2 and T1 ∪ T2 = T and
T1 ∩ T2 = {l}. Also, one can note that in both the cases (k is odd or even) if
|Pi| < k, then it can be made k by adding elements from [n].
Let {a, b} be any 2-element subset of [n], then a, b ∈ S ∪ T . If, both a, b are
the elements of S or T , then the set {a, b} is dominated by S or T respectively. If
not, without loss of generality, it follows that a ∈ S and b ∈ T . By the definition
of S1, S2, T1 and T2, a belongs to S1 or S2 and b belongs to T1 or T2. This
implies that a, b belongs to Pi for some i, i = 1, 2, 3, 4. Hence, A dominates
every 2-element subset of [n].
Let B be the set of ⌈n2 ⌉ 2-element subsets of [n] such that B spans [n]. Let
S be any k-element subset of [n], then |S| ≥ ⌈n2 ⌉+ 1. Suppose that, no element
of B is adjacent to S. Then for every element {x, y} of B, S contains either x
or y but not both, implies that |S| ≤ ⌈n2 ⌉, which is a contradiction. Hence, B
dominates every k-element subset of [n].
Therefore, γ(Gk,2) ≤ |B|+ |A| ≤ ⌈
n
2 ⌉+ 6 for k > ⌈
n
2 ⌉. Hence, the proof.
Theorem 2. γ(Gn−1,2) = 3.
Proof. Let P1 = {1, 2, 3, . . . n − 1}, P2 = {2, 3, 4, . . . , n}, P3 = {1, n} and D =
{P1, P2, P3}. Now, we show that D is a dominating set of Gn−1,2. Let S be any
vertex of the graph Gn−1,2, then S is either an (n−1)-element set or a 2-element
set.
Let S be an (n− 1)-element set, then S will be of the form [n]\ {i}. If S ∈ D
we are done, if not S contains 1, n, therefore S will be dominated by P3.
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Let S be a 2-element set, then S will be of the form of {a, b}. If S is different
from P3, then S will be dominated either by P1 or by P2.
Hence, D is a dominating set of Gn−1,2. Therefore, γ(Gn−1,2) ≤ 3
Now, we prove that γ(Gn−1,2) > 2. SinceGn−1,2 is a bipartite graph, γ(Gn−1,2) ≥
2. Suppose that γ(Gn−1,2) = 2, then the dominating set contains one (n − 1)-
element set (say A) and one 2-element set (say B). Let A = [n] \ {i}, then any
2-element set of the form {i, x} different from B will not be dominated either by
A or by B. Hence, γ(Gn−1,2) > 2. Therefore, γ(Gn−1,2) = 3. Hence, the proof.
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